In casting, liquid is poured into a cast that has a cavity with the shape of the object to be manufactured. The liquid then hardens, after which the cast is removed. We consider the case where the cast consists of two parts and address the following problems: (1) Given a cast for an object and a direction~can the cast be partitioned into two parts such that the parts can be removed in directions and -i respectively, without colliding with the :bject or the other cast part? (2) How to find a direction d such that the above cast partitioning can be done? We give necessary and sufficient conditions for both problems, as well as algorithms to decide them for polyhedral objects. We also present a surprising result on the case where the cast parts need not be removed in opposite directions.
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To facilitate manufacturing and assembly, it is desirable to design parts in such a way that manufacturing and assembly can be performed easily, and therefore cheaply (design for assembly, design for manufacturing). To make this feasible, computer-aided design systems have to be augmented with a component that verifies on-line that a part being designed can actually be manufactured using the intended techniques. Such algorithms are required to work purely on the basis of a CAD model of the part.
Algorithms have been proposed for a number of manufacturing processes, such as injection molding [4, 8, 21] , NC-machining [11] , and stereolithography [1] . For an overview of this application area, the reader is referred to the survey by Bose and Toussaint [2, 5] .
In assembly, the emphasis is on planning tasks so as to put parts together to form the final product. Interesting geometric problems arise in ahnost every step of automatic assembly planning. Assembly sequencing [24] , part orienting [9] , fixturing [18] , and welding [17] , are just a few of many examples.
Although these manufacturing and assembly processes may be totally different from one another, some of them raise sirnkr geometric problems that can be generally termed separabilit~problems [22] . This is the case in the manufacturing process that we study in this paper: the process of casting [7, 23] . The casting process consists of filling the cavity be-(0reptdllish. 10 posi on serlvrs or lo rcdisll-lhtllc 10 IISIS.rc(llllrcs spcclliL.
tween two cast parts with some molten liquid. After the permission aml;or lit ( 'on!pul<((iwrdl ( k, om, C'opyrlghl I 997 ACii O-X'~791 -X7X-') 97 II(I S350 liquid has solidified, the cast parts are removed and one is left with an object whose shape is that of the cavity. Figure 1 illustrates the process on a 2-dimensional example. The key property necessary for casting is that the cast parts can be removed from the object without destroying either cast parts or the object. This ensures that the given object can be mass produced by re-using the same cast parts. Observe that the cast parts in the example are removed in opposite directions. This need not always be possible; sometimes it may be necessary to remove them in non-opposite directions.
Figure 2. The top part of the cast is stuck.
The casting process may fail in the removal of the cast parts: if the cast is not designed properly, then one or more of the cast parts may be stuck during the removal phase, as in Figure 2 . The problem we address here concerns this aspect: Given a 3-dimensional object, is there a cast for it whose parts can be removed after the liquid has solidified? An object for which this is the case is called castalde.
We note that more complicated objects may be constructed through the use of cores and inserts [7, 20, 23] . Cores and inserts are appendages to the cast parts. These appendages are removed after the liquid has hardened and before the cast parts themselves are removed. They allow the possibility of building more complicated objects, in the sense that if the cores and inserts were not removed, then the cast could not be removed without. breaking. However, their use slows down the manufacturing process and makes it more costly. We do not study the extra possibilities of cores and inserts.
Related work.
The 2-dimensional version of our problem has been studied by Rappaport and Rosenbloom [21]. They presented an O(n) time algorithm to determine whether a simple n-vertex polygon can be decomposed into two monotone chains, which is a sufficient and necessary condition for the polygon to be castable.
Hui and Tan [13] gave a heuristic approach to the 3-dimensional problem. Some candidate parting directions are heuristically chosen and ordered, and for each direction in order, a sampled set of boundary points are checked if they are obscured by other parts of the product, If not, that parting direction is assumed to be feasible. Kwong [14] gave an algorithm to determine the feasibility of a given parting direction. He reduced the problem to the hidden surface removal problem in computer graphics by observing that if all the facets can be completely illuminated from the parting direction and its opposite, then the parting direction is feasible.
Chen et al.
[6] first computed the convex hull of a polyhedral object, and then obtained the pockets of the object by subtracting it from its convex hull. They observed that if all pockets are completely visible in either the parting direction or its opposite, then the parting direction is feasible, and gave an algorithm that returns the parting direction that maximizes the number of completely visible pockets. However, as the converse of the above observation is not necessarily true, their algorithm is not complete and may not find a good parting direction even though it exists.
Hui [ In this paper we give a complete characterization of ca.stability for general objects, and obtain an algorithm to verifi this condition for polyhedral objects. We also present an algorithm that reports all combinatorially distinct directions in which there is a good cast (we postpone a formal definition of "distinct directions" to Section 4). We do not assume any special separabilityy of the two cast parts, and, generalizing previous work, allow objects of arbitrary genus. The running time of our algorithm for determining the legal parting directions is 0(n4 ), where n is the combinatorial complexity of the polyhedral model. We show that there exist polyhedra for which there are O(n4 ) combinatorially distinct directions in which there is a good cast. This implies that our algorithm is optimal in the worst case if we want to report all such directions.
In sand casting, the problem of finding a good cast reduces to the problem of finding a plane subdividing the 1Bose et al. remarked that this can be improved to 0( TZ4/3+' ).
boundary of the part into two terrains. Extending the boundary subdivision into two cast parts is trivial: one simply splits the cast with this plane. In our more general setting, the object boundary must also be split into terrains, but extension of the boundary subdivision to a legal cast is no longer straightforward. In Section 2, we introduces more terminology and certain assumptions on the objects. In Section 3, we present criteria for testing whether a given obje~t admits opposite cast removal in a given direction d, and give an algorithm to test this condition for polyhedral objects. In Section 4, we give an algorithm to compute all possible directions of opposite cast removal for a given polyhedron. We also construct an example showing that our algorithm is optimal in the worst case. Experimental results are presented and discussed in Section 5. The case of non-opposite cast removal is briefly addressed in section 6. We conclude in Section 7 with some open problems. Throughout this paper, P denotes a polyhedron which is a body, not necessarily convex, bounded by a piecewise linear surface. The union of vertices, edges, and facets on this piecewise linear surface forms the boundary of P denoted by W. We assume that W is a connected 2-manifold. Each facet of P is a connected planar polygon which is allowed to have polygonal holes. We assume that two adjacent facets cannot be coplanar, but allow coplanar non-adjacent facets. We also assume that P is simple, namely there is no pair of non-adjacent facets sharing a point. Our assumptions imply that P may contain tunnels, but no voids-a polyhedron with a void is not ca.stable anyway. For a more thorough description of polyhedra and some of their properties, the reader is referred to the book by Preparata and Shames [19] . For generality-and since we are aware that many industrial parts are not polyhedral-we characterize castability for more general objects.
We assume that the bounding surface of an object B consists of a finite number of patches of algebraic surfaces of bounded degree, and the patches meet along algebraic curve segments of bounded degree. B has to be topologically equivalent to a polyhedron p as defined above. We call an object B -monotone if every line with direction~intersects the interior of B in at most one connected component.
We will assume that the outer shape of a cast equals the boundary of an axis-parallel box B. A cast for an object B, denoted by C, consists of a red part C. and a blue part cb such that each is a subset of B, the interior of cb and C, do not intersect, and B \ (Cr U Cb) equals B.
In our discussion we will refer to the subdivision of the unit sphere S2 by a collection Q of great circles and arcs of great circles. We call this subdivision the arrangement of Q on S2 and denote it by A(Q). This arrangement consists of faces of dimensions O, 1 and 2 called vertices, edges and cells respectively. In this section we present a criterion for testing whether a given object B admits opposite cast removal in a given direction~In other words, we give a way to determine whether a cast C = (Cr, Cb) can be built for B such that C. .md cb can be translated to infinity in directions~and -d respectively so that the interior of C,, Cb, and B do not intersect during the translation. If this is the case, we say that CT and C6 can be removed without collision and f? can be cast in direction d. The order of removing the cast parts is irrelevant in this situation.
Throughout this section we assume that~is the vertical direction (the positive z direction). We say that B is castable if it is castable in the vertical direction. The red cast part has to be translated upward, the blue cast part downward.
Lemma 3.1 An object B is castable if and only if it is vertically monotone.
Proofi Assume that B is castable. Suppose that a vertical line intersects the interior of 23 in more than one connected component. Between these connected components, there must be a point p that belongs to either Cr or cb. However, p can be translated neither upward nor downward without intersecting the interior of Z?, a contradiction.
Assume now that B is vertically monotone, and recall that the cast C is made from a rectangular axis-parallel box B. Let now B* be the solid obtained by sweeping B upward to infinity. By the assumption, B* \ B can be translated upward to infinity without intersecting the interior of B. We can therefore set Cr := Bn(B*\B) and Cb := B \ (B U C.). Clearly, the red cast part c, can be removed upward without collision. Let now q be a point in eb, and consider the vertical ray emanating downward from q. This ray cannot contain a point of C,, and it cannot intersect the interior of f?. Therefore, eb can be removed downward without collision. u Let's turn our attention to the special case of a polyhedral object P. The red and blue cast parts induce a partition of LW into a red part and a blue part. We call a facet of P an up-facet if its outward normal points upward, and a down-facet if its outward normal points downward. Vertical facets are neither up-nor down-facets. If P is castable, then clearly every up-facet must be completely red, while every down-facet must be blue. The object shown in Figures 3 and 4 illustrates that vertical facets sometimes need to be assigned both colors. The facet Qbcd is coplanar with the vertical facets incident to the edges uv and TS. The construction in the proof clearly colors all up-facets red and all down-facets blue. The vertical facets are all colored blue as well, except for the facet abed which is subdivided by pq with abpq colored red and pqcd colored blue. In fact, to obtain a cast for this object in the vertical direction, the facet abed must be assigned two different colors. practically useful casts, since it generates vertical walls between the red and blue cast parts. Sometimes these are unavoidable (as for the object in Figure 3) . However, we next present an alternative construction that does not create any vertical walls if they are not necessary.
Theorem 3.2 We can construct a vertical cast for a vertically monotone polyhedron P with n vertices in time O(n log n). The two cast parts do not meet along vertical facets, if no vertical line avoiding the interior of P touches two non-adjacent facets of P.
Proofi Let h be an arbitrary plane that is parallel to the q-plane and cuts the box B into two halves, and let R be the rectangle R := h n B. We project P onto h and obtain a polygon~with holes as in Figure 4 . This can be done in time O(n log n) using a simple plane sweep algorithm.
Since P is vertically monotone, every point on~must be the projection of a point on~.
Indeed, with each vertex D of~, we associate a vertex v of P that projects onto D. If there is more than one such vertex, we choose the topmost one. Let now U be the union of all up-facets of P and a, and let U* be the solid obtained by sweeping U upward.
It follows that the complexity of~is O(n) and hence
We can now let C. := B n U* be the red cast part. The blue cast part is defined as C~:= B \ (P U C,) .
By its definition, Cr can be removed upward without collision. Consider a point q in cb. Cleax]y, a vertical downward ray emanating from q cannot intersect P. It also cannot intersect a, and hence cb can be removed downward without collision. It remains to argue that when no vertical line avoiding the interior of P touches two non-adjacent facets of P, then the separation of C, and eb has no vertical facets.
in Figure 3 consists of all vertical facets of the polyhedron. Figure 6 shows another object with part of its quite complicated silhouette shown shaded. Note that the segments a and b are also part of the silhouette. Tkds follows from the fact that in that case U is a terrain (without vertical facets) that splits B into two parts. Q To check a polyhedron P for castability, we can use Lemma 3.1 and the following simple observation. From now on, we will therefore only consider objects at the silhouette edges of the polyhedron only. This is whose reflex silhouette is empty. The convex silhouette the key behind the efficient algorithm presented in the (the silhouette, for short) of such an object consists of a finite number of disjoint curves or "bands" on t3B, the next section where we go over all possible directions and~ihouette~umec heck in which of them the given polyhedron is castable.
Let z(p) denote the verticaJ projection of p on the zy-plane. The silhouette curves project on closed curves in the plane. We call these projected We first give a precise definition of the silhouette of curves shadow curves. The key step in our argument is an object. This turns out to be somewhat tricky if the the following lemma. object can have vertical facets. Let B be an object, and consider a vertical line L t! Lemma 3.5 Let B bean object with empty reflex silhouintersects~B in a number of maximal closed intervals. ette and such that no vertical line contzu"nstwo silhouette These intervals separate open intervals lying either com-i.ntervahi. Then f? is vertically monotone. pletely inside or outside B. A boundary interval that is~r oofi Let S be the silhouette of B. Since no vertical surrounded on both sides by intervals outside B is called~. me contains two silhouette intervals, the shadow curves a convex silhouette interval. A boundary interval that is surrounded on both sides by interwds in the interior of of B are mutually disjoint, simple, closed curves in the zyplane. Hence we can express n(S) as the disjoint union of 23 is called a re.llez si~houette interual. Over all vertical topolo@ca circles~1,~z, lines, the union of all convex silhouette intervals forms Plme into open regions~~i "Rz, ,~n, which partition the x~-the convex silhouette and the union of all reflex silhou-. . . . Rk. Every region& is topologically equivalent to a disc with a finite number ette intervals forms the reflez silhouette. The union of both is called the silhouette of B. of holes, as in Figure 7 .
We visualize these definitions for the case of a polyheFor a point p in the zy-pkme, n-l(p) il B is the disjoint union of closed intervals. We number those intervals from dron 7. If 'P has no vertical facets, then the silhouette bottom to top~II~), Iz~), . . . . Im (p). Within each consists exactly of the silhouette edges of 'P, namely the edges e where the two facets incident to e lie on one side region Ri, the number m here is a constant. Let now of the unique vertical plane through e. A silhouette edge Pij := u Ij(Jl) , is convex if the dihedral angle between the two facets in the interior of? is smaller than r, otherwise it is reflex.
PER;
If P has vertical facets, then the silhouette is no longer and let~ij denote the topological closure of Paj. We obl-dimensional. For instance, the silhouette of the object serve that every~ij is a closed, arc-connected set. Since Figure 7 .
the reflex silhouette of B is empty, for any i, j, and j' # j, ij ad~ij, are disjoint. The difference Paj \ Pij consists of additional "cylinders" above the shadow curves bounding Ri. Consider now such a shadow curve~t between Ri and another region Rif. Each piece of n-l (-yt) n B belongs to at most -one~ij and at most one_~it j,. It follows that every pij is adjacent to at most one Pi, j, in every Ri, that is adjacent to Ri . By the condition on n(S), the adjacency relationship between the regions Ri has tree structure. This implies that there cannot be a path connecting~ij to~ij, for j # j'. Since B is arc-connected, this is only possible if there is at most one such Pij above every region Ri, and hence 1? is vertically monotone. Ql
The lemma does not apply to an object such as in Figure 3 , since its shadow curve is not simple. To extend the lemma to the more general setting, we have to define clearly what kind of non-simplicity we allow. We orient all silhouette curves such that the interior of B lies locally to the left of the curve. This induces an orientation in the shadow curves. We say that a set of shadow curves are non-crossing if a slight shrinking of every curvrnbtained by moving every point slightly to the left-results in a set of mutually disjoint, simple curves. We can now prove the generalization of the previous lemma. Before we outline our algorithm for testing castability, we have to examine the silhouette of a polyhedron P in more detail. This silhouette consists of silhouette edges, vertical edges of the polyhedron, and parts of vertical facets. To find the silhouette on the vertical facets correctly, we use the vertical decomposition (or trapezoidal map) of these facets. Every trapezoid A of the decomposition is bounded from above and from below by (parts of) edges el and e2 of P. If both el and e2 are convex edges, then A is part of the convex silhouette of P. If both el and e2 are reflex edges, then A is part of the reflex silhouette, and P is not castable. If one edge is convex while the other is reflex, A does not belong to the silhouette. Note that certain vertical extensions produced by the vertical decomposition also belong to the silhouette. We can ignore them, however, as their projection coincides with the projection of the endpoints oft he incident non-vertical edges of trapezoids. We call the projection of every silhouette edge and silhouette trapezoid a shadow edge. By Theorem 3.8, the polyhedron P is castable if and only if it has no reflex silhouette elements, and its shadow edges form a set of non-crossing curves.
If we examine the possible intersections of two shadow edges, we find that there are four cases that have to be treated as crossings, as shown in Figure 8 . Two shadow Theorem 3.9 Given a polyhedron P with n vertices, we can test in time O(n log n) whether P is vertically monotone (and therefore castabie).
Proofi We first form the vertical decomposition of all vertical facets in time O(n log n). Then, local analysis suffices to identify the silhouette curves.
We project them into the plane to find the shadow curves. A plane sweep aJgorithm is used to compute the planar subdivision induced by the shadow curves. The algorithm finds all places where shadow edges meet. We test the edges for crossing. If no crossing exists, the subdivision has linear complexity and the algorithm terminates in time O(n log n). As soon as a crossing is found, we can also terminate, so the running time is O(n log n).
E!l 4 Opposite Cast Removal-Finding a Direction
We have seen how to test wh~ther a polyhedron P is castable in a given direction d. In this section we describe an algorithm to solve the following problem: Given a polyhedron P, decide whether it can be cast in some direction d; In fact, we will solve the more general problem of finding all directions d-for which P can be cast.
We represent every possible direction by a point on the unit sphere~z (centered at the origin): a point p on S2 represents the direction from the origin to p. Our goal is to identify the region of S2 corresponding to directions in which P is castable. By Lemma 3.1 and Observation 3.
P is castable in direction~if and only if the union of open up-facets forms a terrain relative to d:
If we imagine the direction~changing continuously, there are two events that may influence the terrainproperty of the up-facets: First, an up-facet may become a down-facet, or vice versa-the set of these directions forms O(n) great circles on S2. Second, the projection of a vertex v may cross the projection of an edge e-the set of these directions can be described by 0(n2 ) great circle arcs. Let Q denote the union of these curves which represent "critical events".
Consider the arrangement A(Q) of 0(n2) great circles and great circle arcs on S2. It is easily verified that inside every face of the arrangement, P is either d-monotone for . every direction d, or for none. We say that two directions are cornbinatorially distinct if they lie in two different faces of the arrangement. We aim to compute all combinatorial y distinct directions in which P is castable.
By our definition of castability, if a cell or an edge of A(Q) represents directions in which P is castable, then any vertex on its boundary represents a direction in which P is castable. This suggests the following simple algorithm. We compute all the vertices of the arrangement A(Q) by simply computing the intersections of all pairs of curves in Q. This takes O (n4 ) time. Then for each computed vertex we test, in O(n log n) time whether P is castable in the corresponding direction using Observation 3.3 and Theorem 3.9. The total running time of this algorithm is 0(n5 log n).
There are several ways in which this straightforward approach can be improved. Note that any ve~tex u in A(Q) represents a degenerate casting direction du: either ne facet or more are parallel to 1., or a line parallel to d. intersects P in more than one connected component. Therefore, we may be better off searching for directions in the interior of cells of A(Q).
However, we need to consider all faces of A(Q) instead of just cells, because there may be directions of castability that appear only along edges (such as the situation depicted in Figure 3) or vertices of the arrangement.
Note also that the difference between two adjacent cells in A(Q) is quite small, provided that A(Q) is in general position. When going from one face of the arrangement to another, either one facet of P changes its status (among down-facet, up-facet or parallel relative to a given direction) or the projection of a vertex of P crosses into (or over) the projection of an edge of P. We defer the details of handling degeneracy in A(Q) to the full paper.
To exploit the coherence between adjacent cells we proceed as follows.
First we compute the arrangement
We do this with an output-sensitive algorithm. Let m denote combinatorial complexity of A(Q).
The algorithm is a straightforward adaptation of the planesweep paradigm to the sphere and its running time is O(m log m). Its output is a data structure that allows for a traversal of the arrangement cell by adjacent cell (we could use, say, the quad-edge data structure for the purpose [10] ).
If we are only concerned with worst-case running time, and since the complexity of the arrangement A(Q) Cm be @(n4) in the worst case (see below), we can compute the arrangement in Q(n4 ) time by substituting each arc in Q by the great circle containing it and computing the arrangement of the resulting collection of great circles. (The latter arrangement is a refinement of A(Q) from which we could easily obtain the required output.) Using central projection from the sphere onto two parallel planes tangent to S2 at two antipodal points we obtain two arrangements of straight lines. Such arrangements can be computed in Cl(n4 ) time each. In fact computing the arrangement on one plane suffices since the two arrangements are symmetric, provided some caution is exercised in choosing the projection planes.
After A(Q) has been computed, we choose a point p inside a face of the arrangement arbitrarily and compute the silhouette elements of P corresponding to the direction clP. For each silhouette element we check whether it is convex or reflex. We initialize two counters: how many silhouette elements are reflex and how many pairs of shadow edges cross one another.
For the dhectioñ P, this computation takes O(n2 log n) time by a simple plane-sweep algorithm. Qy Theorem 3.8, the polyhedron is castable in direction dP if both counters are zero. We move to an adjacent cell of the arrangement.
By the edges of the arrangement that are involved in the move, we know how to update the counters at a constant time per edge involved. At the end of the move we check the counters and report castability if they are both zero. We conclude that all directions for which there is a good cast can be computed in 0(n4) time, or in time O(m log m).
There exist polyhedra that have as many as fl(n4) distinct cast directions. Figure 9 shows a polyhedron with two horizontal "legs" and there is a row of small (resp. large) "teeth" positioned along the upper leg (resp. lower leg). The schematic diagram on the left in Figure 10 gives the top view showing the interaction of the large and small teeth. In the top view, if we move from left to right, one large tooth will appear in each of the gaps among the small teeth before an adjacent large tooth appears in any gap among the small teeth. If there are n/4 small teeth and n/4 large teeth, then there are fl(n2) distinct and good parting directions. The schematic diagram on the right in Figure 10 shows the top view of a 
Experimental Results
We have implemented a simplified version of the algr ithm of Theorem 3.9 (instead of a plane sweep, we simply test all pairs of shadow edges for crossings). Given an object to be cast, we test a random set of directions, as well as heuristically chosen directions (currently the directions of all edges). This is simple to implement and seems to work fine in practice. Figure 11 shows a heart-shaped object. The sphere represents the sphere of directions. A black stipple is plotted on the sphere for every direction in which the object has been found castable. Two directions have been specially marked, one of these is an edge direction, the other one a randomly chosen direction. The heart has 75 edges and 7 edge directions were 6 Arbitrary Cast Removal
found to be feasible. Of the 32,000 randomly chosen dlrections, 803 were found to be feasible. The black limeon the heart shows the silhouette for one of the two marked directions (the randomly chosen one). Clearly, further experimentation is necessary to improve the heuristics. Although the program runs only a few seconds on these parts, it would have to be faster to allow on-line warnings inside a CAD system (we imagine a system that automatically warns the designer as soon as the object becomes uncastable).
A natural extension would be to test directions that are parallel to a pair of facet planes. Obviously we could also test all 0(n4) vertices of the arrangement, but so far it seems that that would make the program slower without helping much in practice.
We now briefly discuss the case where the removal directions for the cast parts are not necessarily y opposite. We call a polyhedron P fss~able with cast C = (C,, C~) and removal directions (d~, db) if C~and cb can be translated to infinity in directions~, and~b respectively so that the interior of C., Cb, and P do not intersect during the translation. Contrary to the case of opposite removal directions, the order of removing the casts can be important. The cast induces partition of W into two parts, a red part touching C, and a blue part touch:ng cb. When looking at P from infinity in direction -d, every point on the red part must be visible, and similar for the blue part. The reverse of this statement, however, is not true, as the next theorem shows. Proof: Consider the polyhedron P and the removal directions depicted in Figure 13 . The shaded facets of P together with the bottom facets form the blue terrain on the boundary; the remaining facets form the red terrain. Both the blue and the red terrain are actuaJly terrains in their respective removal directions. There is no good cast, however, for these removal directions for P: The point p will intersect the interior of P when moved in direction~b and when moved in~,, so it can neither be in the blue nor in the red cast part. T~is+means that there isno good cast forthedirections (db, d,). BY poking two thin holes into the object, as in Figure 13 , we can ensure that there cannot be a good cast for any other pair of directions either.
The hole in the blue terrain, for example, makes~b the only direction for which this hole is part of a terrain.
u 7 Concluding Remarks
We have studied the problem of determining whether there is a two-part cast for a given object such that the two cast parts can be removed without collision. We considered the case where the removal directions must be opposite, and gave necessary and sufficient conditions under which a cast exists. We also developed an algorithm to compute the cast for polyhedral objects.
There are several interesting directions for further research.
While our implementation performs well on medium size models, more experimentation is necessary to develop a robust, practically useful, efficient heuristic implementation. Many objects in real life are not polyhedral, so the algorithm should be extended to handle more general object boundary (e.g. cubic B-spline patches) as well as to allow cores and inserts for uncastable objects. Fhmlly, it is desirable to maximize the "flatness" of the parting surface between the two cast parts. Majhi et al.
[15] considered this problem for convex polyhedral objects. They proposed a "flatness" measure and gave an 0(n2) time algorithm to find a cast that optimizes this measure, where n is the number of vertices.
